We prove that for any odd integer N and any integer n > 0, the Nth power of a product of n commutators in a nonabelian free group of countable infinite rank can be expressed as a product of squares of 2n + 1 elements and, for all such odd N and integers n, there are commutators for which the number 2n+1 of squares is the minimum number such that the Nth power of its product can be written as a product of squares. This generalizes a recent result of Akhavan-Malayeri.
1. Introduction. Lyndon et al. [2] have shown that the product of n commutators in a nonabelian free group can be written as a product of 2n + 1 squares of elements and there are commutators for which the number 2n + 1 of squares is the minimum number such that the product of these commutators can be written as a product of squares. Recently, Akhavan-Malayeri [1] proved, for an odd integer n, that [x, y] n of two distinct elements of a free generating set of a nonabelian free group is not a product of two squares but it is the product of three squares. We generalize these results in the following theorem. 
if and only if m ≥ 2n + 1.
Note that the theorem for even N is not true since the element in the left-hand side of the above equation is actually a square. The proof of this theorem is almost mutatis mutandis as the proof of the main result of [2] 
Proof of the main result
Proof of Theorem 1.1. We show first that this equation has a solution for m = 2n + 1, hence trivially for m ≥ 2n + 1. Since N is odd, there is an integer k such that N = 2k + 1. Thus it is enough to show that, for any element v of F , we can express the element v
] as a product of 2n + 1 squares. We argue by induction on n. If n = 1, then by the following well-known identity this case is proved:
Assume n > 1 and suppose inductively that
for some elements u 1 ,...,u 2n−1 in F . Now by the identity (2.1) we can write
for some elements U , V , and W in F , and so
which completes the induction. This first part of the proof is essentially well known in a topological context: the nonorientable surface formed by attaching one cross-cap and n handles to a sphere (the connected sum of 1 projective plane and n tori) is homeomorphic to the surface obtained by attaching 2n + 1 cross-caps (the connected sum of 2n + 1 projective planes). In this context, the identity (2.1) is just the handle calculus that says cross-cap + handle = 3 cross-caps. For the converse, we suppose that the equation holds. Let G be the group with the following presentation:
The equation would also hold in G since G is a quotient of F . So we have 
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